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Random Matrices and Gaussian β-Ensembles

A Random Matrix is a matrix where all or some of the entries are random vari-
ables drawn from a specific probability distribution. In our project, we focus on the
limiting behavior of the eigenvalues of the matrix.

Our project focuses on a one-parameter family of models called the Gaussian
β-Ensembles which have the density function given by
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where ZN,β is a normalizing constant. When β = 1, 2, 4, this corresponds to
a random matrix with real, complex, and quaternion standard normal elements.
These are the classical cases, but we can generalize the model for any β ∈ R>0.
In our project, we focus on the situation when β = 2n, n ∈ N. The histograms of
the eigenvalues satisfy a famous result—Wigner’s Semicircle Law.

Fig. 1: Simulation of Wigner’s Semicircle Law

Point Processes and Correlation Function

As N → ∞, eigenvalues in the interior (bulk) form a limiting point process—a
random collection of points. For β > 0, this is known as the Sineβ process.

The pair correlation function ρ
(2)
β (0, λ) gives a measure of the likelihood of find-

ing 2 particles with distance λ apart from each other. Qu and Valkó [2] proved the
function is given by an infinite series in terms of a random variable αλ:
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When β = 2n, the rising factorial (x)↑k = x(x+ 1)(x+ 2) · · · (x+ k− 1) truncates
the series into a finite sum because (−n)↑n+1 = 0.

Fig. 2: Simulation of a Point Process for β = 1

Forrester Integral Formula

When β = 2n, Peter Forrester showed there is an integral formula for the 2-point
correlation function [1]:
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By applying the change of variables uj = tj +
1
2, and the Euler’s Formula, we

showed that the above integral is indeed real.

The Vector-Valued ODE System

For β = 2n, we define a vector-valued function q(λ) = [q1(λ), . . . , qn(λ)]
T where qk(λ) =

E[eikαλ]. [2] proved that this vector obeys the following first-order linear ODE system:
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Where An is a tri-diagonal and Bn is a diagonal matrix with an explicit formula. The corre-
lation function is cleanly recovered via the real part of q:

ρ
(2)
2n (0, λ) =

1

4π2
(1 + 2vTnℜq(λ)), (1)

where [vn]k = (−1)k(
( 2n
n+k

)
/
(2n
n

)
), 1 ≤ k ≤ n.

Algorithm for ODE System Reduction

We implemented a Mathematica algorithm to automate the reduction of the n-dim system
into a single variable 2n-order ODE with for h(λ) := ℜvnTq(λ):

• Substitution Rules: Express ℜq′k and ℑq′k as linear combinations of ℜq and ℑq.

• Recursive Reduction: Repeatedly differentiate h(λ) = ℜvTnq(λ) and substitute lower-
order terms to eliminate variables.

• Reduction to ODE system: h together with the derivatives h(1), ..., h(2n−1) gives a
system of ODE with respect to ℜq, Imq.

• Recover the ode for h: plugging back the solutions of ℜq, Imq in terms of {h(k)}2n−1
k=0

to the 2nth derivative h(2n) of h yields a 2n-order ODE for ρ(2)2n for any even β.

Fig. 3: Mathematica Program Output

To verify our generated ODEs, we compute the series expansion q(λ) =
∑

sjλ
j. The

coefficients sk follow the recursion:

sk = i(kI − 4
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The numerical consistency between the series and ODE solutions confirms our algebraic
derivations.

Classical Cases: β = 2 and β = 4

• When β = 2 (n = 1): the system collapses to a single 1st-order scalar ODE :
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Solving this yields the famous Sine kernel:
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• When β = 4 (n = 2):In this case we have a 2nd-order ode by eliminating q1
yields a 2nd-order ODE for q2:

λ2q′′2 (λ) = (−6λ + 3iλ2)q′2(λ) + (2λ2 + 8iλ− 6)q2(λ) + 6

Solving this correctly recovers the classical Pfaffian correlation for the
Symplectic ensemble:
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β = 6 ODE and Its Solution

For β = 6, we derived the 3rd-order complex ODE L(q3) = h for q3, where L is
3rd order differential operator with polynomial coefficients, and h is explicit.
Operator Factorization: Using a heuristic search, we find that the 3rd-order
differential operator L can be factored into a composition of a 1st-order operator
P1 and a 2nd-order operator P2:

L = P1 ◦ P2
By repetitively differentiating the operator L and plugging λ = 0, we find that the
boundary condition for the ODE of q3 are q3(0) = 1, q′3(0) = i, and q′′3 (0) = − 9

16.
Using the boundary conditions and solving the first and second order ODEs one
after another we get a formula for q3. Using (1) we get an expression for ρ(2)6
which seems to be new.

Future Work

We aim to further understand the β = 6 case by investigating why the third-order
ODE operator for q3 admits a factorization. We also aim to study the β = 8 case
and explore whether a similar operator decomposition can be derived there.
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