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Abstract

Random matrix theory provides a rich source of exact identities, but many for-
mulas for local eigenvalue statistics are difficult to derive, verify, and extend beyond
the classical cases. We study this problem through the two-point correlation functions
of classical beta ensembles. Our project combines probabilistic intuition from point
processes, analytic derivations from differential equations, and symbolic computation
to understand how these correlation functions arise. As a foundation, we revisit the
classical cases 8 = 2 and 8 = 4, where the associated systems reduce to lower-order
differential equations and recover the known sine-kernel and Pfaffian correlation for-
mulas. These cases serve as consistency checks for the differential-equation framework.
Building on this, we focus on the less elementary case 8 = 6. For this case, the system
leads to a third-order complex differential equation with polynomial coefficients, whose
direct solution is substantially more difficult than in the classical settings. We derive
this equation explicitly, determine its boundary conditions at the origin, and use op-
erator factorization to decompose the third-order problem into a first-order equation
followed by a second-order equation. This factorization makes the problem analyti-
cally tractable and reveals additional structure hidden in the original system. Solving
the resulting equations yields an explicit expression for the corresponding auxiliary
function, which can then be substituted back into the correlation formula. Through
this process, we obtain a candidate closed-form expression for the two-point correlation
function in the § = 6 case. Together, our work verifies known random-matrix identi-
ties in the classical regimes and extends the same method toward a more complicated
Gaussian-Beta ensemble, suggesting a systematic route for deriving new correlation

formulas from differential-equation structure.



1 Introduction

A random matrix is a matrix whose entries are random variables drawn from a specified
probability distribution. Random matrix theory began with Wigner’s work on the energy
levels of heavy nuclei and has since become a central topic in mathematical physics and
probability. A fundamental question is: as the size n of the matrix grows, what does the
distribution of eigenvalues look like?

A first answer is given by Wigner’s Semicircle Law: if the entries are i.i.d. with finite vari-
ance, the empirical spectral distribution of the rescaled eigenvalues converges weakly to the
semicircle distribution %m 1;_59(x) as n — oo. Figure [l illustrates this convergence
via simulation.
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Figure 1: Simulation of Wigner’s Semicircle Law for a 500 x 500 GUE matrix.

Beyond the global shape, one can zoom in on the bulk of the semicircle and ask about the
local statistics of eigenvalues — how they repel one another, and how the repulsion depends
on the symmetry class of the matrix. As n — oo the rescaled local eigenvalue statistics

converge to a limiting point process called the Sineg process, illustrated in Figure .
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Figure 2: Simulation of a point process for 8 = 1, showing level repulsion.

The central object of our project is the pair correlation function p(ﬂz)(O, A) of the Sineg
process, which measures the likelihood of finding two eigenvalues a distance A\ apart. For the
classical values 5 = 1,2, 4 this function is explicitly known; for general f it is much harder
to compute. Our goal is to make progress on § = 6, using a differential-equation approach
developed in [2].

The project is organized as follows. In Section [2] we review Gaussian $-ensembles and the
Selberg-type integral formula due to Forrester [1]. In Section[3we define correlation functions
and introduce the series representation for pg). Section 4| presents the vector-valued ODE
system that governs the building blocks of the correlation function. Sections [f] and [0] treat

the classical cases = 2,4 and the Mathematica implementation used to generate ODEs.



Section [7] presents our main new results for § = 6. We conclude with future directions in

Section

2 Background: Gaussian $-Ensembles

2.1 Classical matrix models

Let A be an N x N matrix with i.i.d. standard Gaussian entries over R, C, or the quaternions

H. The symmetrization
A4+ AT

V2
(using the appropriate conjugate transpose) gives the Gaussian Orthogonal Ensemble (GOE,
B = 1), Gaussian Unitary Ensemble (GUE, 5 = 2), and Gaussian Symplectic Ensemble
(GSE, g =4).

X =

Theorem 1 ([I]). The joint probability density function of the eigenvalues (A1, ..., Ax) of

the above ensembles is
1 B
| I B } : 2
plg(>\1,>\2,...,)\N) = |>\1—>\J‘ exp(—— /\z> s (1)
ZN,p 1<i<j<N 4 i=1

where 8 =1,2,4 and Zy g is a normalizing constant.

The product [[,_;

the |\; — \;|? factor encodes eigenvalue repulsion: larger 3 means stronger repulsion.

|Ai — Aj| is the absolute value of the Vandermonde determinant, and

2.2 The Gaussian -ensemble

The density makes sense for any S > 0, not just § = 1,2,4. The Gaussian 5-ensemble
(GBE) is the family of probability measures on RY with this joint density. The classical
ensembles are the special cases 8 =1, 2,4, but the limit as N — oo — the Sineg process —
is defined for all 5 > 0.

In this project we focus on even values 8 = 2n, n € N. This restriction is natural because
the ODE system that governs the correlation function truncates to a finite closed system

only when ( is a positive even integer.



2.3 The Forrester integral formula

For § = 2n, Peter Forrester derived an explicit integral formula for the pair correlation

function [IJ:
1 n2"(n3 efin/\)\2n
pﬁ Qn(o >\) ) ( ) X
472 (2n)! (3n)! Syn(—1+41/n,—1+ 1/n, 1/n)
2n
/ H (ei/\ujuj—l—i-l/n(l _ 1+1/n) H ’u _ Uk|2/n Hdu37 (2)
[0,1]2" 524 j<k
where Sy, (=14 1/n,—14 1/n,1/n) is a Selberg-type normalizing constant defined by
2n
Son(—1+1/n,—1+1/n,1/n) := / I1 <u;1“/”(1 - 1“/") [l - uk|2/"Hdu],
(0212 521 j<k

and the general Selberg integral evaluates as

-1 51 2 [la+NIB+ I+ (G + 1))
“h) /01 Ht (1-%) E't l H Mla+p+n+j-1)IA+7)

Despite the complex-valued integrand, the correlation function p(;:)z” (0, A) is real-valued.

The key observation is the following.

Proposition 2 (The Forrester integral is real). The integral in 15 real.

Proof. Apply the change of variables u; = t; + % Then €% = /2 ¢ 5o the product
e” " T, e =[], e*%. The full integrand (after absorbing e~***) becomes

2n 2n

H(COS(/\tj) -+ isin(/\tj)) . H(i - ) 14+1/n H |t — 1, |2/n

j=1 j=1 i<k

integrated over [—1/2,1/2]*". The weight Hj(}L — 2)7ir/n [1onlt — te|¥™ is an even,
symmetric function of (t1,...,ts,). The imaginary part of the integrand contains the fac-
tor sin(A)_;t;), which is odd under (t1,...,t2n) = (—t1,..., —t2,). Since the domain is

symmetric, the imaginary part integrates to zero, so the integral is real. O]

3 Point Processes and Correlation Functions

3.1 Point processes

A point process is a random locally finite collection of points on R (or RY). The eigenvalues
of a random matrix form a point process of N points; as N — oo and we zoom into the bulk

of the semicircle, these converge to the Sineg process.
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3.2 Correlation functions

Definition 3. The k-point correlation function (or intensity function) pg(xy,...,zx) of a

point process is the function satisfying
P(X; € (z,m +e) for L =1,....k) =¥ pp(ar,... 1)
as € — 0, where the zq, ..., x; are distinct.

For the Poisson process with rate A, one shows that py(x1,...,2,) = A¥ for all k. The
Sineg process is far from Poisson; it exhibits repulsion between nearby points, reflected in
the fact that po(0,\) — 0 as A — 0.

Because the Sineg process is translation invariant, the pair correlation function satisfies
p(ﬂz)(x, y) = p(;) (0,2 —y). We therefore write pg)((), A) for the pair correlation as a function
of the signed distance .

The normalization is fixed by requiring the one-point intensity to equal the bulk density

of the semicircle at the zooming point, which is p(!) = % at the origin.

3.3 Series representation

Qu and Valké [2] proved that for § > 0, the pair correlation function admits the series

representation
1 1 < (=pB/2)*
pg)(o’ \) = yr ; (i _fé/;)ME[cos(koo\)}, (3)

where (2)™ = z(z +1)---(z + k — 1) is the rising factorial and ay is a certain R-valued
random variable.
A key simplification occurs when § = 2n is a positive even integer: the rising factorial
(—n)™ vanishes for £ > n + 1, so the infinite series truncates to a finite sum:
1 1 & (—n)t
2
pé:)%(O, AN)=—+— Z <—E[cos(k:a,\)]. (4)

Am? - 2w L= (1 + n)Tk

The coefficients simplify nicely. One can check that

(—n)T* B A n!n! B k (,ffk)
RS Ay sy R A cO
Defining [v, ], = (—1)k(n2fk)/(2:) for 1 < k < n, we can write
p23000) = 5 (14 23T Ra(), (5)

where g(\) = [¢1(A), ..., g.(N)]T with g.(\) = E[e?**], and R denotes the componentwise

real part.



4 The Vector-Valued ODE System

4.1 Setting up the system

Qu and Valké [2] showed that the vector q(A) satisfies the first-order linear ODE system

gA qd(\) = (@%A B, + An)q(A) +utle, q0) =1, (6)
where e, = [1,0,...,0]7, f, =[1,1,...,1]T € R", and A,,, B, are n X n matrices with entries
[An]k,k = —kQ, [An]k,k—l = %k(/f +n), [An]k,k—H = %k(k —n), [Bn}kk =k.

(All other entries of A, and B,, are zero.) When = 2n, the system (] is a closed n-

dimensional system; the initial condition g(0) = 1 for all & follows from E[e’] = 1.

4.2 Power series solution

To verify solutions and generate Taylor series, we substitute q(\) = Z;io s; N into @ and

match powers of A\. This gives the recursion
—1
so="f,  sp= i(k:I - %An> B.si1, k> 1. (7)

Because A,, is a polynomial function of k, the matrix (kI — %An) is invertible for all £ > 1.

Every other coefficient sy is purely imaginary (odd k) or real (even k), so

%q()\) = Z ng)\2j.
j=0

5 Classical Cases: =2 and =4

5.1 The case =2 (n=1)

For g = 2, the system @ reduces to the scalar ODE

A i
;N =1=a()+Z5al),  a)=1 (8)
Rewriting in standard form ¢ + P(A\)q1 = Q(\) with P(A) = 2 — i and Q(A) = %, we use
the integrating factor u(\) = A2e™™:
d —iX —iA
a()\Ze @ (V) = 2xe™™.
Integrating by parts and imposing ¢;(0) = 1 to fix the constant of integration gives
2(1 + i\ — ™)



Proposition 4. The formula @D recovers the classical sine kernel:

, 1 sin®(\/2
2,0 = 5 (12502

Proof. Since vi = —3 and pﬁ 2(O A) = =1+ 2vIRe (V) = 22 (1 — Rgi(N)), we compute

21+iX—e?)  2(1—cos)) 4sin*(A/2)  sin®()\/2)

e S S R V5

]

5.2 The case f =4 (n=2)

For g = 4, the system has n = 2 components. Writing it in standard form, we get

=(i—3) @ — 5350+ 5

To solve the homogeneous system we apply a gauge transformation. Setting gauge factors
u = e/ and v = e**/\* and writing ¢; = fu, ¢o = gv, the system decouples to a second-

order scalar ODE for g:
P\
A A2 '

The two independent solutions involve the non-elementary integral I(\) =

i\
v
variation of parameters with the non-homogeneous term g = (3/(2)),0)7, the final solution

for ¢ is

qa(A) =

3 | ;\sinA
PR DY

— e Si(\) — 1} ,

where Si(\) = fOA sint 7t is the sine integral.

Proposition 5. The solution for B = 4 recovers the Pfaffian formula:

(2) 1 sin A\ sin A sint
Po=10-X) = 13 [1_( )\) dA( ) o

Remark 6. Near A\ = 0, the correlation function behaves as p(ﬁ ) J00) =

= 4’}) 5, which can be
confirmed via Taylor expansion. This A\* vanishing reflects stronger level repulsion at 3 = 4

compared to the A\? behavior at 3 = 2.

Figure [3| shows the Taylor series approximation of pf) near A = 0.



Figure 3: Taylor series approximation of p{” (0, A).

5.3 Verification via Forrester’s formula (n = 1)

As an independent check for g = 2, we verify the n = 1 case of . The relevant Selberg
constant is Sy(0,0,1) = fol fol(ul — uz)*duy dus = 1/6. Via the change of variables z =
Uy + U, Y = Uy — Ug, ONE computes

. . IA( )2

| 2 A\ 2 A—2

/ / ez)\(U1+’u,2)<,u/1 o u2)2 dul du2 — € ( +)\4COS )
0 0

Substituting into with n = 1 and simplifying using 1 — cos A = 2sin*(\/2) recovers

@) 1 sin(\/2)
200 (1 02).

confirming consistency between the two approaches.

6 Algorithmic Reduction to a Single ODE

For general even 8 = 2n, we implemented a Mathematica algorithm that automatically re-
duces the n-dimensional system (6] to a single scalar ODE for the function h(A) := Rviq()).
By , recovering h is equivalent to recovering pgi)

The algorithm proceeds in three stages:

1. Substitution rules. From the ODE system, extract linear relations expressing (Rqy)’

and (Jgx) as linear combinations of the 2n real functions {Rqx, Sqr }i_;.

2. Recursive differentiation. Starting from h = Rvlq, differentiate repeatedly and
substitute the rules from step 1. This expresses h, h’, k", ..., h?"~1 as linear combina-

tions of {Rqx, Sqx }i_;, giving a 2n x 2n linear system.
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3. Back-substitution. Solve the linear system from step 2 for {Rqx, S¢x} in terms of
{h(j)}ﬁgl using Mathematica’s LinearSolve. Substituting into the expression for
h®") yields the desired 2n-th order ODE for h, and hence for pgi)

Figure [4] shows a sample output of the program.

In[2043]:=
twoPointCorr[3]

twoPointCorr[4]
twoPointCorr[5]

out[2043]=

1

1
-~ +27rho[A] = -
2 12 (14 -33 2% + 18 X* + 27 2°)

(96 1 X (-11-3 2% + 27 1%) rho’ [A] + 6 77 A% (-268 + 732 2% + 147 2*) rho” [A] +
2 (42-992%+54 2% + 2* (2% (520 + 588 2%) rho® [A] +
7 (277 (62+92%) rho™ [A] +247° Arho® [a]))) + 18 7° 2° rho® [1])

Out[2044]=

1

1
-~ +2n%rho[A] = -
2 4 (-625+2704 2> + 384 x* (-7+3 2% +62%))

(-1250 +32 A% (169 - 168 2% + 72 A*) + 8 71> A (3271 +32 2% (-99 - 104 > + 288 1*) ) rho’[A] +
47° 2% (2831 - 25924 )% + 33504 1" + 6560 1°) rho” [A] +
X (277 (-31954+40248 17 + 39360 2*) rho® [2] +
A (277 (429 +42600 2% + 4368 2*) rho™ (1] + 8 1 (8 7° (440 + 273 2%) rho® [A] +
A (277 (567 +6022) rho'® [2] +2 2 (66 12 rho ™ [A] + 2 7% A rho® [11))))))
Out[2045]=

1
-~ +2n%rho[A] =
2

- ((16032016 + 200 2* (-555419 + 25 2% (35041 - 23925 ° + 9000 A*) ) + 320 5% A
(-1471922+52% (670718 + 5% (-25611+ 50 1> (-2389 + 4500 2%) ) ) ) rho'[A] + 8 7* 2*
(18304396 + 25 2% (8086704 +5 17 (-3656523 + 3380700 A% + 658 625 A%) ) ) rho” [A] +

2® (32 7% (36932444 + 25 2% (-4 048256 + 2664265 A* + 2634500 2*) ) rho® (2] +
A (27 (-319693104 + 252> (-7497896 + 53959950 > + 4778125 x*) ) rho ™ [1] +
5 (8% (-12249496 + 275 A% (124208 + 52125 A%) ) rho® [2] + 55
2 (27 (326444 + 859500 A% + 58125 1*) rho® [a] +
5 (1677 (5554 + 2325 2%) rho'™ [A] + 5 (277 (1506 + 125 3%)
rho® [A] +200 7% Arho® [A]))) + 6250 7° 2° rho® [A])))) /
(32064032 + 400 2> (-555419 + 25 2% (35041 + 75 (-319+60 A% (2+52%))))))

Figure 4: Mathematica program output generating the ODE for ,0(52:)%.

For f =6 (n = 3), the algorithm produces the explicit sixth-order ODE

81\E

2

INS O pg + 168X 05 pg + (1265 + 868A*) 04 pg
+ (1176X° + 1040X%) 33 ps + (4410° + 2196A* — 804)2) D2 pg
+ (1296)° — 144)* — 528)) Oxps + (324\° + 216A" — 39672 + 168) pg,

which we verified against the power series recursion .



7 The g =06 Case

7.1 The ODE for ¢;

For § = 6 (n = 3), after eliminating ¢; and ¢ from the system @, one obtains the third-order
ODE for g¢s:

3iN*qy (N) 4 (18X* + 37iA%) ¢§ (N) + (—33iX* 4 138)0% 4 115i)) g4(N)

+ (—18A% — 1174A% + 195X + 80i) g3(\) = 80i. (10)

7.2 Boundary conditions
Setting A = 0 in immediately gives ¢3(0) = 1. Differentiating and setting A = 0 gives
1157 ¢4(0) + 195 ¢3(0) +80i = 0 = ¢4(0) = i.

Differentiating again and setting A = 0 yields ¢5(0) = —9/8.

7.3 Change of variables and operator factorization

The asymptotic behavior of as A — oo suggests that the highest-order terms dominate
with characteristic exponents r € {i, 2i, 3i}, motivating the substitution g3 = e3*\*v.
Substituting this ansatz into and requiring the constant term to vanish yields the

algebraic equation
30 + 280 + 84a + 80 = (a + 2)(ar + 4) (3 + 10) = 0,

giving possible values a € {—2, —4, =42}

Taking @ = —2, the equation becomes
3NV + (—9N? 4+ 19iN) v + (—6iA* — 48X + 21i) v + (—24i\ — 36) v = 80ire .
Theorem 7 (Operator factorization). The homogeneous part of the above ODE factors as
P o Py, (11)
where

P, = AD, + 3,
Py = 3iAD3 + (—9\ + Ti) Dy + (—6i)\ — 12).
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7.4 Solving the factored system

The factorization converts the problem into two sequential lower-order ODEs. Setting
w = P,[v], the equation P;[w] = 80ile %™ is first-order and yields

_ -3 —3iA\ 80 8017 160 1607
w=CoA7 + e (=T + 55 + 5% — a5v) -

One then solves the second-order equation P»[v] = w via Mathematica. The two independent
solutions of the homogeneous part of PyJu] = 0 are expressed in terms of the Kummer

confluent hypergeometric functions U and L:

Uy=U(2 10\,  Ly:=L" (N,

303 a3
and the particular solution is obtained by variation of parameters.

The full solution for v is
A A
v(A) = e‘QM(UA / hi(s)ds + Ly / hu (t) dt) +c1e Uy + e P L,
1 1

where the kernels hy, hy are explicit rational-exponential functions of the integrand, and
the constants ¢, co are determined by the boundary conditions ¢5(0) = 1, ¢5(0) =, ¢5(0) =
—9/8.

Substituting g3 = €**A~?v back into with v3 = [-3/4, 3/10, —1/20] then gives a

candidate closed-form expression for 0532:)6 (0, A). This formula appears to be new.

7.5 Alternative Decomposition of the ODE for ¢3
The is the same as
18N () — A3V (A) — 37024 (M) + (33X% + 138iA2 — 115X) g4(\)
+ (—18iA* + 117X% + 195iA — 80) g3(A) + 80 =0
We find, through a Mathematica program which searches through possible ansatz that
p1 = —AD(A) + (—4 + 3i))
p2 = 3X2D*(A) + (19X — 9iA?*) D(A) + (—6A* — 2TiX + 20)
satisfy
(p1 0 p2)(q(N)) =A((33X% + 138iA — 115) g5(\)+
A (—3Aq§3>(A) + (=37 + 18i/\)qg(/\)>) + (—18iA 4 117A2 4 1950 — 80) gs ().

This illustrates that the ODE for ¢3 is decomposable, however, it is hard to recover a solution
from the direct decomposition above, since the involved second-order differential equation is

not of a clear special form.
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8 Conclusion and Future Work

We have studied the pair correlation function of the Sineg process using a differential-equation

approach. Our contributions are:

e Explicit derivation and solution of the ODE system for § = 2 and [ = 4, recovering

the classical sine-kernel and Pfaffian formulas.

e A Mathematica algorithm that automatically generates the 2n-th order ODE for p(;:)%

for any n, verified against the power series recursion.

e A proof that Forrester’s integral formula is real (Proposition [2|) and a direct verification

of the n =1 case.

e For § = 6: derivation of the third-order ODE for g3, determination of boundary

conditions, discovery of an operator factorization L = P; o P, and an explicit (though

intricate) closed-form expression for pg).

Several natural directions remain open:

Question 8. Why does the third-order differential operator for qz in the f =6 case admit a
factorization into operators of orders 1 and 27 Is there a structural explanation, for instance

related to the representation theory of sly or to properties of the Selberg integral?

Question 9. Does the same factorization pattern persist for f =8 (n = 4)? More generally,

is there a systematic way to decompose the n-th order ODE for q, for any n?

Question 10. Can one find a Forrester-type integral formula for the vector q(\) itself, rather
than just for p(;:)%? For 8 =4 the explicit formula for qo might suggest an ansatz.

Answering these questions would bring us closer to a unified analytic description of the

Sineg process for all positive even integers /3.
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